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Critique of the Theory of Two-person Zero-sum Games 

How well did von Neumann and Morgenstern succeed at the par¬ 
ticular task they set themselves: "to find the mathematically com¬ 
plete principles which define 'rational behavior' for the partic¬ 
ipants in a social economy, and to derive from them the general 
characteristics of that behavior."? (p. 31). At the time of the 
second edition of The Theory of Games, the authors were satisfied 
that with respect to the special"two-person zero-sum" game (though 
not for more general cases) they had obtained "a precise theory... 
which gives complete answers to all questions." 

Curiously, this claim has received little careful attention; 
it has been ignored, by unsympathetic listeners, or uncritically 
accepted by expositors and game theorists. Even the one unfavorable 
critic who ha3 published on this subject, Carl Kaysen, has accepted 
this particular conclusion within the limits of the authors' assump¬ 
tions, though he has gone on to question those assumptions. For 
the rest of the published articles, Arrow has expressed the common 
view: "The theory of rational behavior in zero-sum two-person games 
can therefore be regarded as definitely solved." 

The question is important for two reasons. The solution to 
the two-person game is made the essential foundation of the theor^\ 
of more general games, including "oligopoly" games (which are generV 
ally non-zero-sum); in fact, nearly every individual theorem in the*!' 
general theory relies on thi3 initial solution. Second, apart from 
its role in game-theory, any such results as the authors have claimed 
would constitute a solution to an important case of rational choice 
under uncertainty. It would thus introduce the concept of rationality 
into many economic situations involving choice under uncertainty, 
where it has been previously undefined and orthodox theory has been 
correspondingly "indeterminate. 1 * 
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This paper will he most concerned with the relationship of their 
results to the general problem 4f defining r ational choice under %y» 
uncertainty. Von Neumann and Morgenstern have indeed produced a 
meaningful definition (i.e., one which can be applied unambiguously), 
and we need not minimize that achievement, but this in itself is 
clearly not enough. In order to evaluate their conclusions, it will 
be necessary to establish some criteria for a "satisfactory" def¬ 
inition. The authors offer several suggestions toward this. For 
example, they state that they expect a solution to consist of "a 
complete set of rules of behavior in all conceivable situations." 

(p. 33). Moreover, "all conceivable situations" must be inter¬ 
preted to include "those where 'the others' behaved irrationally, 
in the sense of the standards which the theory will set for them." (p. 
32). That is, "the rules of rational behavior must provide definitely 
for the possibility of irrational conduct on the part of others." 

V° 

These properties are obviously not sufficient conditions for ar < 

l>y 

satisfactory definition; they would apply equally, for example, to 
definitions of irrational or imitative behavior. We approach closer 
to sufficiency if we require that the new definition bear a close 
relationship to the older concept of"rationality under certainty." 

This condition would seem to be inescapable. Otherwise, the 
existence of two competing definitions of "rationality" (even though 
operating under different conditions) would lead to intolerable 
confusion. Von Neumann and Morgenstern clearly xs accept this 
restriction when they require that "rational" behavior must be in 
some sense more "advantageous" to a player than any other behavior, 
no matter whether or not his opponents followed the prescribed 
pattern of rationality; the "superiority" of rational behavior over 
any other is to be established. 





/ oh> Wt‘- 
. , & 0 e 


/- &'■■<> - y-M, 


/ 


ij / 



/ v: <5 >wt^ p*+4~*r^ 

rit] -rr—r-T--— -»/•■- ■■• * ' JU ~- -.*»»> Jl mnmi> Mni ,wi , a * iiimnwiwin* 


V ^ ' , " w & y 

l^JU) 

Ctsi*\,£ 


/- 






3 


The problem now arises of making these notions operational. 

How are we to decide when a particular decision is or is not ^.advan¬ 
tageous"? In the case when each available action is associated with 
a single, certain consequence—i.e., when an individual acts under 
certainty—this question has been decided. If the individual can 
rank the consequences in order of preference, and if these preferences 
are transitive, then the rule of rational behavior under certainty 
requires him to choose that action whose consequence he most prefers. 
If an observer can discover (by questioning or observation) the 
actions available to the actor, the consequences linked with them, 
and the actor's preferences among those consequences, the observer 
can classify the actor's decision unambiguously as "rational" or 




But if the individual acts under uncertainty, which is to say, 
if each action is associated in his mind with a set of possible out¬ 
comes rather than with a unique consequence, this definition Is 
meaningless, even if actions, prafaxEnass; set3 of outcomes, and 
preferences among individual outcomes 1 are known. Moreover, it has 

l7 Th&sep preferences could no longer be inferred from observations 
of actual choices, using "revealed preference" techniques. The 
individual no longer chooses an outcome but rather a set of outcomes, 
and he might well prefer a possible outcome of an action which he 
rejects to the actual outcome of the action chosen. 

immediate .*• “• 

no Bbximas extension to this sphere. If it is(uncertaln whether the 

outcome of one action will be better or worse t)ian that of another, 
there is no obvious sense in which one can^be said to be more advan¬ 
tageous. j' ' kr c?t%> t\’t ~i**jt*** -hilt'' \ 

The concept of "rationality under certainty" has both normative 
and descriptive roles, the two being essentially related. Hypotheses 
based on the xasitpi concept of rational behavior (certainty being _ 
assumed) are empirically fruitful because in fact most people try , 


/ C 






t-s 

6 &> f+J* “'. ‘r^ 

W" /■■'’ : ** 

/4c * '^_ cM- ^^-4 | 

^ {, (p*<*«>* Ct* #0*M~ 




Cji^V'-# t 'Ki/iy^ 


O^th'A 

9' ' I 

/t^i 

^ jg 

Z.. A/'s '**■« U^i 1 <** '? *-**4 


f &® d+~~Sj o-yr^O-. .-Up 
»/ CV>t 0 &** '•"'-S 


4. 

not merely tend, to follow rational principles. It seems important, 

if the same name and connotations are to be retained, that &he new 

also 

concept should/have a status as a normative principle, i.e., a rule 

of behavior which a a set of people under consideration agree that 

they "ought" (in some sense, not necessarily ethical) to follow. 

Moreover, with the same purpose of avoiding ambiguity, approximately 

the same set of people should accept this principle as those who 

are "rational under certainty." 

Taking all these conditions into account, 

/A principle may be considered a "useful" definition of rational 

choice under uncertainty if a lar=se number of "otherwise reasonable " 

people would re.iect, upon deliberation, any decision which 

was Inconsistent with the principle . 1 This major criterion leaves 

1~ This proposition, which is crucial to later discussion, has been 
adapted from an unpublished paper by Jacob Marschak. It should be 
noted that the presence of the undefined modifier, "otherwise 
reasonable" does not introduce any circularity. There are any number 
of ways to define this notion independently. A particularly impor¬ 
tant way—perhaps even mandatory in this context—would have it includ 
"those people who are rational under certainty" and no others. 

a few questions unanswered. Must all "otherwise reasonable" people 
(however we define that; see footnote) accept the given principle; 
if not, how many? To put that question in another form, must we 
look for a unique principle with this property, or might we be sat¬ 
isfied with a set of "rational" tor simply "reasonable") principles 
such that all "otherwise reasonable" persons would follow one or 
another of them? Von Neumann and Morgenstern definitely set them¬ 
selves the bolder task of finding a principle to have the status of 
"the" unique definition of rational behavior. This makes the test of 
their conclusions much easier. If we should decide that a large 
group of reasonable people would not reject, even after careful 
consideration, some decisions inconsistent with the particular 










principle the authors propose (whether or not their behavior were 
consistent with some other principle) then we must conclude that 
von Neumann and Morgens tern have failed. They would not have pro¬ 
duced a principle which could be satisfactory or useful as "the" 
unique definition of rational choice under uncertainty. 

- w c-JJ , ** ^ 
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The abstract model of the two-person zero-sum game can be 
described as follows. Player A selects a “strategy" i (this notion 
will b© defined below) from the set of m strategies allowed him under 
the rules of the game. Simultaneously, in ignorance of A's choice, 
player B selects a strategy one of his n admissible strategies. 

Then, after the choices are revealed, A receives an amount a, and 

A J 

B receives an amount “ a jj (i.e., B pays A an amount a^). These 

are the outcomes ("payoffs7), being money or a mathematical expectation 

of money; the subscripts indicate that each payoff is a function of 

both strategies. The rules of the game prescribe a pair of outcomes 

corresponding to each possible pair of strategies., and the sum of 
the outcomes is zero; what one player wins, the other loses. 

2hftxs*mpiK8tx«*ualxg&maxKfirxK8pfiRd±ngx*fixtte±axpafcjtt£Rx*axMa*&fex 

iRgxPaRRiaaxxxSaakxplaysxxtexaxtxaxatratagiRxxxHaadaxarxfxiiaxxxJferx 

axafexRxirxafxatrxfcagiBaxxxRxirxafxaMiasmaaxiaxprassritosd 

"move 1 . 1 

In this model, each player makes but one zhmissx Thus, the 
analysis applies directly to such simple games as Matching Pennies, 

4 , * , , K8UXS88, 

in which each player chooses between the alternativesmaxxa, Heads 

or Tails. To generalize the results to more complex games such as 

chess, the authors interpret the player's single move as the choice 

of a “strategy," a concept which they defines "a plan which specifies 

what choices he will make in every possible situation, for every 

possible actual information which he may possess at that moment in 

conformity with the pattern of information which the rules of the 

game provide for him in that case." (p. 79) When both players have 

chosen strategies in this sense, the outcome of the game is determined; 

complex games can be analyzed in "static" terms, as though 
thus, klwx8hat88xafx8txatHg±»ax±ax«o|Mixxi*Rk^xfHrxpMrpaK8*xBfxkh8 
KaBhxpiaysr the outcome were determined by a single choic e on the 

XRxlyaiayxtaxahaiaexafxmaxsxiRxaimplKxaRKxiaaxaxgxBiaxx 

part of each player. 
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The strategies and payoff function can be represented graphically 
by a matrix: 


Each row in this matrix represents on of A's possible strategies; 

each column, one of B's strategies. EaBhxfiBidtxBfxihaxmatrtxxBBjafcEiKa 
tixiimii 

x KxmlBxxxr8?ir*xxi#tiiagx£h*xaM£xBaxxxj The entire matrix can be desig¬ 
nated (a. ), where a. . is the element in the ith row and Jth column; ie 
represents the outcome to player A specified by the rules for the 
pair of opposing strategies i^ and J[. B's outcome in each case is 
simply -a^. When the elements are numbers and the meaning of the 
strategies is spelled out, this payoff matrix completely determines 
the essential features of a particular two-person zero-sum game. 

Or, to approach it from the other direction, any actual game can be 

fcurb c\c — ” 

represented by an appropriate payoff matrix. SwaxgxmaxxlitxxiRgxtlitft 

SEMxafcraJfcBg±«xxlnt±xdt±££*xixgxiRxihBxpay»££xxKEXxl6*xK«®|axx*dxXfiHJCXH- 

iBRfciyxxiaxthRirxpajcBffxaatriKBs By taking a game with given strateg¬ 
ies and varylhg the matrix, it is possible to study the changing 
properties of new, related games, the effects of slight variations 
in rules. It is a major contribution of von Neumann and Morgenstern 
to have contributed a tool of analysis so suggestive and flexible. 




To "dfivide the difficulties" of the analysis, the authors 
make some important simplifying assumptions. £ L t**»‘t, the rules of 
the game are fixed, and are known and observed by both players. 
faxBfchKxxwBr&s? Bach player knows with certainty : a) what strategies 
he is allowed; b) what strategies his opponent is permitted; c) 
the outcome corresponding to any pair of opposing strategies. In 



other words, fchB von Neumann and Morgenstern abstract from any uncer 
tainties concerning the strategies or payoffs. This is an impor¬ 
tant limitation on the applicability of their results to real sit¬ 
uations, but the assumption will be accepted in this paper. 

;.\t represented 

Se cond , the outcomes are BxpcssBBd not in "utilities," cardinal 

or otherwise, but in money. The authors' digression on "cardinal 
utilities" had led to much misunderstanding on this point, but they 
have expressed themselves unequivocally: 


"We shall therefore assume that the aim of all participants in 
the economic system, consumers as well as entrepreneurs, is money, 
or equivalently a single monetary commodity. This is supposed to be 
unrestrictedly divisible and substitutable, freely transferable and 
lsn identical, even in the quantitative sense, with whatever 'sat¬ 
isfaction' or 'utility' is desired by each participant." (p. 8). 

(the necessary property of transferability rules out the use of 
"von Neumann-Morgenstern cardinal utilities," defined by choices 
in risk-situations, even if such utilities could be defined.) 


The model, then, expresses Just those elements of uncertainty 
wcich von Neumann and morgenstern wish to emphasize. Corresponding 
to each possible action (choice of strategy) there is a set of 
possible outcomes, rather than a single, certain outcome. The player 
does know, as assumed above, that the outcome af a particular action 
will be one of a given set, but which one is uncertain. The problem 
ml which von Neumann and Morgenstern set up is to prescribe a unique 
"rational" choice among these sets of uncertain outcomes. 
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In certain special cases. It Is possible to define a rule of 

behavior which would gain general acceptance. If the outcome of one 

as 

strategy is as good or better than the outcome of another for every 

one of the opponent's possible strategies, the first hkje will be said 

to "dominate” the second. In terms of the matrix, if each element 

in one row is greater than the corresponding element in another row, 

the first strategy dominates the second. An extreme example of this 

is the case of non-ovex-lapplng sets of outcomes, in which every 

element in one set (row) is greater than every element in the 

second set. To choose a strategy which was dominated by another 

would seem very like "throwing away utility" with certainty. This 

suggests the rule that the "rational" player will never choose a 

dominated strategy; only undominated strategies will be "admissible." 
bu* r~l 

/ It is intuitively clear (to use a treacherous phrase) that all, 
or nearly all, people who were rational under certainty would reject 
decisions inconsistent with this rule: so it passes our test of rea- 
****»..... J sonablenessIn fact, we may regard any payoff matrix as exhibit¬ 
ing those strategies remaining after sii those with non-overlapping 
and inferior sets of" outcomes have been discarded (though a few 

will 

dominated strategies may still slip by). However, this rule dowra 
rarely / tL mh j* ****t* 

joat Kxaally dictate a unique choice • tut 

In the general case, with overlapping sets of ou^conies, the first 
problem that arises in picking a unique rule of choice is that sever¬ 
al principles appear as candidates, ranging from the reasonable to 
the doubtful. S inh a wt.i onal r>hn1r»a la | .n 7 . 1 

the ifefost plauolbl e of thfcae rules consist of replacing each set of 
possible outcomes by a single number, derived from it according to the 
rule, and then picking the strategy corresponding to the greatest of 
these numbers. For example, one could represent each set by its 
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greatest element, and choose that xk£kbxz strategy which offered the 

chance of the highest outcome of all; this might be called the policy 

of the "reckless optimist." (Modigliani; thesis p. 102). Or one 

the or, more generally, some weighted combination 

might compute kkz average,of the highest and lowest outcomes possible 

under dach strategy, picking the strategy with the highest average. 
Probably 

izxhxpz more players "otherwise reasonable" would favor the second 
over 

rule than the first, but in the absence of a principle commanding 

is 

g universal precedence (which neither of these xxz likely to do) there 

is no basis for calling the optimists "irrational." It is important 

to notice that the player with a blind eye to risk, while undeniably 

reckless, cannot be said to be "throwing away utility" even though 

he is playing against a man reasonable opponent who is informed as 

to the payoff function. Although such an opponent would like to in¬ 
handicapped 

filet as large an injury as possible, he is zfeXKkizd by the same 
uncertainties as the first player; he cannot know with certainty 
which strategy will pu nish the gambler. Hence, the opponent's 
action is uncertain, and the optimist has some chance, however small, 
of achieving his maximum* 

Another possible procedure, which will not be discussed here, 
would be to "minlmax regret." The point in mentioning this cluster 
of possible rules, each of which might claim the allegiance of a 
number of "reasonable" players, it to emphasize that a principle with 
claims to being a "unique" solution to the problem of rational choice 
under uncertainty must be more than "reasonable"; it must be so com¬ 
pelling as to ZKX|9Hi cause "otherwise reasonable" players to foreswear 
all other principles,±zxiizxfzxaxx no matter how reasonable the al¬ 
ternatives may appear. 
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Von Neumann and Morgenstern do offer a principle for this 
role. They propose that the player should consider only the min¬ 
imum element in each set of outcome: i.e., the worst that could 
happen to him if he played that strategy. He should then choose 
the strategy with the best minimum outcome. Since this particular 
outcome may be expressed, for player A, as MaxjMinja^, this is 
known as the *a± "maximin" policy; the corresponding policy for 
player B is to choose the column with the lowest maximum outcome 
(Min^Max^ *jj)» or "minimax." 


Von Neumann and Morgenstern did not actually present this 
rule as applying to rational behavior under general conditions of 
uncertainty; they use it solely in the context of the game, in 
which the uncertainty arises from the interacting expectations of 

■ri. Jt /JUy*, 

opposing wills. Their emphasis on the distinctiveness of this 
type of uncertainty seems somewhat questionable. The opponent's 
behavior is either uncertain orvili is not; if it is, then the 
player's conditions of^e-ttoice seem no different from those of the 
"player"whose^outcome depends on the uncertain "strategy" of 



Nature (which may be assumed to be inscrutable but not hostile}). 

The essence of the normallz^/game, in which both players choose 
strategies simultaneously, is that the opponent's choice ia 
uncertain. It would seem that a rule applicable in this situation 
should xixa apply equally well in a situation involving uncertainty 
for other reasons; it is the fact, not the origin, of uncertainty 
which seems Important. Be this as it may, it is a chief contention 
of von Neumann and Morgenstern that the plausibility of the maximin 


| 


rule of choice in the game- situation is implied by the hostility 
of the opponent; it will be argued later that this claim is based 
on a misleading analogy from a special situation (the "mlnorant" 
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game, to be discussed)later) in which it is. appropriate. 

The primary advantage of the maximin principle is that it en¬ 
ables the player to avoid, with certainty, the worst possible out¬ 
come. In other terms, the worst that can happen to a player choosing 
~7&x : a maximin strategy is guaranteed to be better than (or at least as 

_ QOd a£J ) the wor8t that C ould happen to him under any other strategy. 
No matter what the opponent does, he cannot enforce the very lowest 


MU a**»*4*Av 


element in the matrix (except in the agag ial case when the minimum 
Klsxxn&s outcomes for each strategy are Identical). 

XhisxHrapBrty There are surely many players for whom this 

\\ 

property would not be decisive. It has been said by a proponent 
of the maximin rule that It "means, in effect, that that action 
should be chosen about fcich the best certain statement can be made.” 
(theses p. 101),” but such assertions are quite misleading. Clearly 
one can say with Just as much certainty whice is the best bh£ element 
in each row, or which strategy has the highest average outcome 
(without making any claims for the meaning or usefulness of the aver¬ 
age). Where the"cautious pessimist 1 ' (in Modigliani's phrase) may 

want to know,"I can't make below a certain outcome, which is not the 

feel, 

worst," the "optimist" may prefer to *ay, "I can make the best outcome 
on the board." The latter statement is Just as certain, and may 
aound better. 

This property may attract some players but not others. The 

"certainty" which the principle offers—of achieving a minimum outcome 

which is usually better than the worst—is purchased at a price. 

Along with the certainty that the wors£ possible outcome is the maximil) 

no matter what the opponent does, 
goes the certainty that,the best possible outcome Iixjx will not 

exceed a particular sum. The very highest element in the row may not 

be much above the maximin element, and it may be very low compared to 
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possible outcomes under other strategies. Depending on the tem¬ 
perament of the player and the structure of the particular matrix, 
the latter certainty may be so distasteful as to outweigh the 
attraction of the former. 

clo sest 

Von Neumann and Morgenstern give xpas&xl: attention to games 

with the special property that Min ; this common value 

J % 

is known as the "saddlepoint" of the matrix, denoted Sa^yj a ^j. 

In other words, in games with a saddlepoint, the greatest of 
the row-minima equals the least of the column maxima (though in 
the general case, the maximin element will always be less than, 
when not equal to, the minimax). In such games, if a player ex¬ 
pected with certainty that his opponent was going to play his max¬ 
imin strategy, the only reasonable choice for him would be his own 
maximin strategy, since any other would certainly give him an 
inferior strategy. This point is not obviously relevant, iince our 
basic assumption is that a player never does know his opponent's 
strategy with certainty. 

However, the authors proceed to build a "rudimentary dynamic 

If both players, for any reason, did 
argument on this property. ii*fcx*xxxiapp!Bxsx±Siafcxfe»fclaxpiajt®raxdi<i 
use their maximin strategies, the outcome of the glay would be the 

HXRxkhairxaaximiiaxxfcrKfcagiKS^xtliBXBiafcSBaaxtoKtRgxfchaxxEiiiilapBiiifc 

saddlepoint value. It follows that in a subsequent sequence of 

xxIkbx 

playe (to take a dynamic point of view), if each player expects his 
opponent to continue using the same (maximin) strategy , then neither 
will have any incentive to change his own (maximin) strategy; so 
the saddlepoint value will persist. By contrast, if the matrix has 
no saddlepoint, then if each expects (with certainty) that his oppon¬ 
ent will (continue to) use his maximin strategy, each will see an 
advantage in choosing (changing to) a non-maximin strategy. Thus!* 
the saddlepoint, when it exists, would seem to have the properties of 





9. 8a 



a stationary equilibrium solution, given the assumption on expect¬ 
ations. In fact, in zero- sum games without a saddlepoint, there 
would be no equilibrium solution of this sort, under the same 

special assumption about expectations; whatever strategies the play- 

felt 

ers chose, they would change gfc in the next play if they msxb cer¬ 
tain that their opponents would not change. 

But how stable is this equilibrium? Would the expectation that 
the opponent would use his maxlmln strategy establish itself from 
the beginning, or would the players gegln out of equilibrium; if 
the latter, why and when would the expectation develop? KffcBXxths 
saddisBxixt Would the expectation persist although the opponent should 
in fact choose non-maximin strategies? The practical importance of 
this ‘'equilibrium*' depends on w hether it would be attained, and 
whether it would be restored if one or both players Sahould be dis¬ 
placed from it. These questions are crucial even to a "rudimentary" 
dyaamlc argument, and von Neumann and Morgen stern do not lasing begin 
to* consider them. 

The limited usefulness of such an "equilibrium solution" will 
be apparent if it is related to the numerous "equilibrium solution^ 
which have been proposed for duopoly theory. This particular sol¬ 
ution is not immediately relevant to duopoly problems, for those al¬ 
most always assume non-zero-sum "games," but "solutions" to those 
problems always make similar assumptions about the player's expect¬ 
ations of his opponent's strategy. Neither the expectation that the 
opponent will use a minimax strategy, nor the expectation that the 
opponent will continue to use any particular strategy, seems snyxossr* 
uniquely reasonable than any more than any of the others which have 
been proposed to make the &bh duopoly problem "determinate." 



8b 


The attempt to Justify the significance of the saddlepoint and 
the minimax strategies on dynamic grounds must therefore be rejected 
as inconclusive, at best. At any rate, one may insist on a static 



approach, since many important games are played only once. A final 


point on the static analysis is that von Neumann and Morgenstem 
lend a bias to the discussion by suggesting that an "optimum** solution 

xxtfcsxxpKs^udiKR 

must guarantee that the outcome will be in some sense "optimum," 

"no matter what the opponent does." Ho ar, 




point of view 


able person may no| require a guarantee that the outcome, which will 

depend on the opponent's action, will be optimum in any sense . He may 

make his choice by balancing unfavorable outcomes against possible 

whether or not he can form Judgments about the 
favorable outcomes, usnxfchaHglaxhBXKxnnafcxdtistiiigHishxfeKtKssn 


"likelihood" of different outcomes. Orthodox notions of rationality 


would suggest that he should then choose the strategy whose set of 

f 



We can illustrate this point of view, and the earlier criticisms, 
with the following matrix. 



A 













in a game with a saddlepoint, if a player knew for certain in ad¬ 
vance .that his opponent was using a minimax strategy, the pnly 
reasonable choice for him would be his own minimax strategy, since 

fs \ 

any other would certainly give him an inferior outcome. This 
J we assume that 

point has no immediately obvious relevance, since the player does 

. -q mLc -Mx tt+Ji Me 

not know for certain his opponent s strategy: j ^ .....to 

These criticisms may be illustrated by an example. Consider 


the matrix: . . 




'"h .u-J t.ke . Mx. 


H i ** — ^ _ VZSI. 

According to von Neumann and Morgenstern, "the rational" / 
way for A to play this game is to choose strategy A-rS) B should 
choose (6-3.This game is "strictly determined" since a saddlepoint 


exists: 8a 


1/J a ij 


Max 


0. By playing "rationally" each 


player can avoid loss and keep his opponent from making any gain. 


Any other choice would expose the player to the chance of losing 10. 

Would mi >11 . or even most, people "otherwise reasonable" 
reject any other choice of strategy if given opportunity for delib¬ 
eration? Suppo se that A were to pl ay a non-maximln strategy• He 
kn ows that^^b^T^will do exactly as well ( if B pla ys his mlnimax 
strategy B—3* as if he had used his maximin strategy A-3• If thsxsx 

±>x*xjB®xH±laiiijbyx££aExaKjcxMaK®R$xfcl&ai B is not certain to use 3-3 > 

one outcome seems as likely as the other 
then A stands to win or lose 10, and/since there is no apparent 

way in which B could be sure of anticipating A's choice» A might 

reasonably prefer this uncertainty to the certainty of winning 0, 
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A similar argument holds for B. In this game both might use non 
minimax strategies even though each knew his opponent to be rational 
iiaJeloaxte under certainty and to be fully informed about the payoff 
matrix. 

There is no way for B to be sure of’'punishing" A for using a 
mon-minimaxx strategy; in fact, to have a chance of inflicting any 
loss on A he must use a "non-rational" strategy himself. So long 
as A were convinced that he was not giving himself away, he could 
simply ascribe any loss to bad luck. Indeed, the very fact that 
B was found to be playing a non-minimax strategy might encourage 
A to think that he might "Just as easily" have xsKslxsd won 10; and 
this is Just the sort of gamble which, by hypothesis, looks good 
to A. 


If there is reason to believe that the players will not peach 
the saddlepoint on the first play, there is Just as good reason to 
believe that they will not "tend" toward it in successive plays. 

If one of them should prefer security, he cannot "punish" the other 
into a like policy. If they should both find themselves in the 
saddlepoint, presumeably that is where they wanted to be, for the 
moment; but if one or both should tire of the quiet life in sub¬ 
sequent plays, there is nothing to prevent their wandering away from 
it. In fact, in this particular game the saddlepoint does not seem 
to have any peculiar significance at all. 

This example should be distinguished from\finother which appears 
similar. Savage has cited the matrix: 


If A were not positive that B would play B-2, it would se^m to show 

\ \ 

a taste for security bordering on the iKxxfclaxxlxpsxxKxxs irrational 

(i.e., almost nullifying the hypothesis of maximizing behaVi^) for 


11 . 

A-xto pick his maximln strategy A-2 


'Carl Kaysen has presented a similar game-matrix in which every 
non-minimax strategy offers great potential ga ns and small po¬ 
tential losses as compared to the minimax strategy. There examples 
appear to make a better case for the use of a non-minimax strategy 
BiffHringxBB{iaalljtxh±ghxpBfcBnlsiaixKaiJisxandxiBBSBa than the one 
offered first (which is symmetrical, a non-minimax strategy Involving 
equally high potential gains and losses). However, in games with 
saddlepoints, the expectation that the opponent will use a miniraax 
strategy makes it uniquely rational also to use a minimax strategy; 

l"I Since But in this case the^player is virtually acting under cer¬ 
tainty, and his own mlnimax strategy offers the highest outcome. 

and these unbalanced matrices, heavily favoring one player, create 
the presumption that if the opponent iS\reasonable and informed 


about the matrix (Kaysen drops these assumptions) he will, in fact, 
use his minimax strategy. 

In fact, in Savage's example, the opponent B has only one 

"admissible" strategy, B-2, since 3-2 dominates B-l. Therefore, if 

A were certain that B was informed and rational in the sense of 

Ignoring inadmissible strategies (these ore special assumptions, 

but rather weak ones), it would be irrational for A to play any 

1 

other strategy but A-2. 

By contrast, the gams examined first is "indeterminate"-- 
i.e., it seems plausible that neither player will choose a minlmax 
strategy—even though each player is certain that his aia opponent 
is reasonable and informed. 

The point made earlier, that the minimax strategy would alone 

be reasonable if the opponent were known to be using a minimax 

2 , _____ 

strategy (in games with saddlepoint) may be restated: the minimax 
principle would be uniquely rational 
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if the player were certain that his opponent was "rational" in 
the von Neumann-Morgenstern sense. 3ut this is the type of assump¬ 
tion which the authors explicitly rejected in their introduction: 

"If the superiority of ’rational behavior' over any other kind 
is to be established, then its description must include rules of 

conduct for all conceivable situations—including those where 'the 
others’ behave irrationally, in the sense of the standards which 
the theory will set for them." (p. 32. 

We have seen that the rules of behav or they prescribe might not 
seem superior to others if it were not certain that the opponent 

would not follow them. Soes not their theory fall their own 

criterion? They suggest an answer to this: 

"it is possible to argue that in a zero-sum two-person game 
the rationality of the opponent can be assumed, hecause the irration¬ 
ality of his opponent can never harm a player. Indeed, since there 
are only two players and since the sura is zero, every loss which 
the opponent—irrationally—inflicts upon himself, necessarily 
causes an equal gain to the other player." (p. 128) 

We must Insist that a rule does "harm" a player if it forces him to 

reject a set of uncertain outcomes (corresponding to an "irrational" 

strategy which he prefers to the set favored by the rules: unless 

it can be argued convincingly that his preferences are in some 

sense "irrational.2 ^ The very fact that the authors discuss the 

l"! To illustrate this, we have accepted the rule that it is irrational 
to prefer a set every element of which is inferior to every element 
of another set. 

possibility that an opponent will violate any given set of rules 
indicates that any element in the whole matrix is possible . If there 
is a chance that the opponent will be "irrational," why not help him 
to inflict a large loss upon himself? The prospective pleasure of 
teaching the foolish player a lasting lesson might be worth incurring 
the risk of a small loss oneself. To rule out such pleasure is to 
put heavy restrictions on the player's"permissible" preferences 
among sets of uncertain outcomes. 
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To identify the von Neumann-Morgenstern brand of conservatism 

\ \ 

HH±q with "rationality” has two striking implications for "rational" 

preferences. First, it implies the postulate that in his preference 

ordering of sets of uncertain outcomes, the "rational" individual 

(prefers one to another) m 

ranks the sets/strictly according to the least element in each: i.e.,\ 

that the player invariably ranks strategies according to \ ^ 

the least amount he might win under each. We would not call a man 

irrational for having preferences like these; but would we care to 

call a man irrational who did not? The assumptlon A T.hat B will succeed 

in enforcing in enforcing the lowest outcome in any row that A might 

select is dictated neither by the rules of the game, A by B's state 

of Information (which reflects uncertainty), nor by B's hostility; 

B would have to be gifted with extra-sensory perception to achieve 

this feat.'*' To act "as if" B were so gifted is the policy of the 



1. If B merely played his minimax strategy, the result would not in 
general be the lowest element on the row unless A had played his 
maxlrain strategy. 


"cautious pessimist": reasonable, but not uniquely so. 

The second consequence is that in a game with a saddlepoint, 
it is the ordering of the elements in the payoff matrix that is alone 

relevant to choice, not their cardinal magnitudes . In other(words, 
rational choice, as' vonNeumapn and Mor/genstern define jft, is! unaffected 
if a payoff function (whose matrix ha£ a saddlepoint) |Ls replaced by 
a matrix which is Related to the firq't by any increasing mohotonic 


Jt 


transformation, yo long as the matrix has a saddlepollnt it is entirejr 

2~. Two condit/ons are necessar^ involving concepts which have not 
been discussed/'; the matrix must be "specially strictly determined," 
i.e., the saddlepoint must correspond to a pair of "pure" strategies, 
and second, there must be no qnance moves in the extensive form of 
the game., 

‘ l l-[ 

unnecessary that the payoff be expressed in money or any cardinal 
magnitude; any index expressing the player's ordinal preferences 
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among outcomes (not setsof outcomes) would suffice, so far as the 

2 

prediction of their choice among strategies is concerned. 

This property deserves the a good deal of thought. It seems 
particularly unrealistic to assume that the behavior of all or 
most reasonable people would be unaffected ,6y \ monbtx^i^ tj?ajis- 
fbrmal^tQn^of^-the^ ^ay^hT^utjp^lon (e.g., replacing each outcome by 
its square^ in the same units). Surely many people would be inter¬ 
ested in comparing the differential gains that they might make by 
choosing a non-minimax strategy to the differential losses they 
would risk. In the first matrix cited, a player who was willing 
to accept the unncertainty of receiving either lOjtf, 0^, or -10^ 
might be unwilling to risk the loss of $100, even if combined with 
possibility of winning $100^ Yet this transformation would be 

1. It is no solution to imagine that the outcomes are expressed 
in 'von Neumann-Morgenstern utilities" (and at any rate, they are 
not), since those are employed only to formalize choice in situations 
lnvolving”risk,” l.e., where a probability distribution is known. 

entirely disregarded by a a player who was rational according to 
the von Neumaon-Morgenstern rules, since he would have chosen the 
minimax strategy in the first place. 




-XX 
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Ill The Theory of Games, the solution which von Neumann and 

Morgenstera propose appears much more plausible than it does in the 

above discussion, because it is presented first in connection with 

without close examination 

some modifications of the game-model, then applied/to the normalized 

features 

game. It will be argued below that there are crucial ritiffxxKxxxx 
of 

toBtxsKB the modified forms, which are supposedly Introduced merely 
for dl&xxfclx pedagogic reasons, which make extrapolation to the 
normalized form invalid. 

In the normalized farm game, which is the primary subject for 
analysis, both players choose strategies simulateously, each in 
ignorance of the other's choice. In the first modified game, called 
the mlnorant game, A must make his choice first, after which B 
chooses in full knowledge of A's choice. Since 3, in this game, 
acts under certainty , the basic principles of rationality under 
certainty prescribe his choice. Given strategy 1, by A, B's unique 
rational choice is that strategy which minimzes a ^j» i.e., he should 
pick the column corresponding to the minimum element in the row 
selected by A. Given A's strategy, then to each strategy available 
to B there corresponds a single, certain outcome, and rationality 
compels him to pick the strategy associated with the outcome: Minj 
a , where i^ is given.^ 

1 J _ in that case 

1. Strictly speaking, this strategy might not be unique; but/the 
axtxaiBK minimum value Min a would be the same for all the "ration¬ 
ally admissible" strategies.^ 


A's problem is not quite so simple, but it can be made so by 
a relatively weak assumption. If A does not know B to be rational— 
a fortiori, if he knows that B is not rational—then A must choose 
under some degree of uncertainty. But if A knows, for certain, 
that B is rational under certainty (this knowledgg is our special 
assumption), then A. too, acts un der cer t ainty . 
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If A knows (believes with Certainty) that B is rational under 
certainty, then in the minorAnt game (as contrasted with the norm¬ 
alized game) this belief has definite Implications for A's expect¬ 
ations and behavior. Operationally, the statements that B is 
^ acting under certainty, 

cefcainly rational and that B,is certain to choose the minimum ele¬ 
ment in any row picked by A are identical. The knowledge that B 
is rational then implies that it is Impossible that a given strategy 
by A should have as outcome any element but the minimum inthe row; 
hence, it is Irrational for A to pay any attention to the m(n-l) 
matrix elements that are not row minima.^ This leaves A with m 

Tl The postulate that it is Irrational for A player to be Influenced 
in his choice of strategy by outcomes which he considers afcxBlHfcaiy 
impossible is somewhat different from those accepted earlier, but 
surely it is equally acceptable. 


s,rs-r 




possible outcomes, one corresponding to each of his m strategies. 

main mini?) h rt ruld "h—- nnwin»« r wwHn~ t o 

the - largest ' ■* row mini m u m. 

.— As stated earlier, a solution which depends on the assumption 
that one player has special knowledge about the other is not accept¬ 
able as a general solution, even to this special game. On the other 
hand, it should be noticed that the assumption made here is merely 
that A believes B to be rational under certainty, a concept that is 
wAlli defined; no use is made of any concept of rationality under 
uncertainty. It is certainly significant that in this minorant game 
this limited assumption makes the gutcome determinate, whereas it 
is irrelevant to the normalized game. 

The second special model is called the Ma.lorant game: in this, 

B must choose before A, who then makes his choice in full knowledge 

As above, 

of B‘s choice. Now A chooses with certainty. /If B knows A to be 
rational inder certainty, this is equivalent to knowing that elements 
which are not column maxima are not possible outcomes. Hence under 














j 

\,Jl 0 bfiA LX ' f 


ioJU^iW* 


V/i-ta*-''- 


17. 

this special assumption B also acts under certainty, associating a 
single, certain outcome (Max^a^j, for given J) with each strategy. 
B's only strategy which is rationally consistent with his assumption 
about A is his minimax strategy, which guarantees him the la best 
'‘possible" outcome. 

AliaaHghxthaxalKaxantxgziBB 

Although we conclude that in these special games the first 
player should choose the strategy which happens to be "rational" in 
the von Neumann-Morgenstern sense, provided that he assumes the 
second player to be rational under certainty, the reasoning behind 
this conclusion is obviously xpasixl peculiar to these special games 
It may be put into terms familiar from aitgmpaiy duopoly theory. 


J 

¥> 


Since the second player need not take reactions into account, in these 
static 

particular/models, rational choice is for him a clear-cut matter; 

therefore it is possible to prescribe for him a "reaction function" 

which is consistent with the assumption of his rationality. If the 

second 

first player assumes that the £lrsl player is rational in this broad 
sense he can deduce his opponent's reaction function, and his task 
is merely to pick the point max on that function most favorable 
to himself. 

The discussion by vonNeumann and Morgenstern is faulty in an 

important respect; they do not assume explicitly that the first player 

knows the second to be rational in any sense. 1 Yet, in KXRKsstianxxi 

Tl Nor that the first knows the second to be informed about the 
payoff matrix. They state explicitly in the introductory discussYCH 
(p. 30) ghat they aaai.,eL-a^-}. i;auers are f i; ;u omfpr,e r dj£ blt-qrirch 
sfx&Xslx assume all players are fully informed; but much of their 
argument suffers from lack of an explicit postulate that all players 
make similar xxh assumptions about each other. 


discussing the minorant game, they state unqualifiedly that B is 
"certain" to minimize a^j for any given 6 1., and that A knows this: 
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hence that when A picks a particular strategy “he can already fore- 

see with certainty” what his outcome will be. (p. 101). They arrrire 

tix. 

at. th g c^r^luol o n 111 it "ft * i n*in unl n r ft , ?r' t ' n1,n i f y w1thnnti nnwm wiwg nx 

plioitly -A*s knowledge of B's rationality. 

T his pr o c e dur e le inva l i d. Without suix certainty that B is 

rational and informed, there can be no "certainty” of outcome for A. 

If A were not sure that B was rational, it would not be irrational 
strict traditional 

(in the Israeli sense) for him to pay attention to other outcomes than 

row minima. So long as there was a genuine possibility that he might 

attain them (i.e., that B might choose an outcome less than he could 

achieve with certainty, either from non—rational motives or from 

ignorance of the payoff) he might "reasonably" be attracted to a non- 

maximln strategy by hopes of large gains. In a more dynamic analysis, 

B could pursue a stra egy of a sort that von Neumann and Morgenstern 

never consider: luring A away from a maximin policy by creating 

greater 

doubts as to his own rationality (e.g., by taking isss than the 
minimum element in the maximin row). 

Even though uncertainty should exlst^ln the mind of the first 
player, it might be argued that he should pursue the maximin (or 
miniraax) policy anyway, since this would have a better consequence than 
any other i_f the opponent should prove rational. It was argued above 
that this principle would not have a unique claim to reasonableness. 

At any rate, in this context it is not the one that von Neumann and 
Morgenstern propose. They really make the key assumption implicitly, 
that A is certain (that 3 is rational), rather than argue that A 
should act"as though" he were certain; this is clear from the quot¬ 
ations above. It is also implied by their motives in discussing the 


games: 


/ a® 
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"The introduction of these two games...achieves this: it ought 
to be evident by common sense—and lie shall also establish it by an 
exact xxguxsHfc discussion--that for (these games) the 'best way of 
playing'--i.e. the concept of rational nehavior--has a clear meaning." 
(p. 100). 


Our discussion ofthese special games supports their conclusion that 

(granted the assumptions implicit in their analysis), " The good way" 

(my italics) for each player to play these respective games can be 

prescribed, (pp. lOl-fl^C, lnparticular paragraphs 14:Asa-14:Aje and 
14:B:a—14:B:e). '*9 


f Tie 


The essential fact about these special games is that the players' 
beliefs about his opponent's rationality under certainty can remove 
all uncertainty from his own choice-situation .f It is this very fact, 
which makes the special games interesting in themselves, which makes 
them basically different from the normalized game, in which it is 
impossible to banish uncertainty by any such simple assumption, and 
in which uncertainty is the essence of the problem. This makes any 
attempt to ■xfcxxpBixkx apply the results of their analysis to that 
of the normalized game suspect from the beginning. It so happens 
that it is possible to locate the exact spot whene von Neumann and 
Morgenstern hurtle the gap. 




<f) 
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In their discussion of the normalized game, von Neumann and 
Morgenstern begin by HBttHgx&fcai discussing the general advantages 
(from a conservative point of view) of the minimax principle. Then, 
in section 14.5» they approach for the first time directly the 
definition of rational choice lnthe normalized game. They start out: 
"It is reasonable to define a good way for 1 to play the game" as that 
strategy that will g±XB guarantee him at least the maxinjlia outcome, 

X Similarly, "itis reasonable to define a good way for 2 to play the 
game as one which guarantees him a gain" xhizfc corresponding to the 
minimax outcome. 

So far there can be no quarrel with these statements; the principfc 
they describe (which, incidentally, is an old one) cannot surely be 
nailed unreasonable. They continue: 

"So we have: 

(14:C;a) " The good way (strategy) for 1 to play the game" is fca 
maximin. 

And: 

(l4:C:b) " The good way (strategy) for 2 to play the game" is minlmax. 

They conclude, at the bottom of the page: 

"Finally, our definition of the good way of playing, as stated 
at the beginning of this section, yields immediately...." (p. 108) 

The Fact is that thetz statement at the beginning of the section did 

not define "the"good way of playing. It defined "a" good way. It was 

not until three paragraphs later that "A" was quietly transmuted 

into "the" (the italics above, of course, are mine). Nevertheless, 

the authors feel free to start Ahe next section with the statement: 

"(14:C:a)-(14:C:B)...settle everything as far as the strictly determied 

two-person games are concerned." (p. 109; "strictly determined" means 

that the game has a saddlepoint). For this class of strictly deter- 
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games they are now satisfied that they have "a precise theory..which 
gives complete answers to all questions." (. 101). 

T he metamorphosis of "a" into "the" on this page is no pere 
printer's error, xk& nothing that can be "clarified" by a footnote in 
later editions. The whole structure of their "determinate" theory 
(including that of the n-person game, which requires a unique solution 
to the two-person game), the whole of their claim to have recognized 
&he true stature of a timeworn maxim, rests on a basis no more sub¬ 
stantial than this. 

It is the keystone of the whole structure of their "determinate" theory 
(including that of the n-person game, which requires a unique solution 
to the two-person game). The alchemist's magic which transmutes a 
timeworn maxim into an overriding postulate of rational choice is, 
after all, a bit of slAight-of-hand. 


The limitations of the von Neumann-Morgenstern analysis can be 

firmly established in terms of their approach to the type of games 

discussed above. However, a thorough discussion must consider what 

the authors pxhmx* themselves emphasize much mores the significance 

of von Neumann's theorem concerning the existence of saddlepolnts. 

Once again, certain key concepts are Introduced in connection 

with the mlnorant and majorant games. In the former, it will 

believes 

be recalled, if A (moving first) kxaxx B to be rational under certainty 

A will choose his maximin strategy; if B is in fact rational, he will 

choose the column corresponding to the minimum element in the row chose 

by A, sothe outcome is uniquely determined: Max.Min a. . In the malor- 

i j ij. 

ant game, if A (moving second} is rational under certainty, and if B 
knows this, then B (moving first) will pick his minimax strategy and 
the outcome of the game will be: Maxj Min^Max^j. 
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It is the peculiarity of these special models that the special 

asumptions that both players are rationalunder certainty and that 

the player moving first knows this of his opponent make the outcome 

So long as these special conditions 
of the play uniquely determined. M*d*rxfch*xax*p**±aixMK<i±fciHii* it 

apply 

is plausible to define the unique outcomes as the “values" of the 
respective games for the two players. In the minorant game, the out¬ 
come to A under the special co ditions will be v^ Max^Min^a^j and th 
outcome to B will be -v-^ In the majorant game the outcome to A is 

the outcome to B -v. 


v g MinjMax^a^j, 


'2 * 


It can be proven mathematically that v^ (maximin) is always 

less than or equal to v 0 (minimax). A would always prefer to play 

d was 

the majorant than the minorant game: if the matrix xkxb the same for 


each, B was known to be rational under certainty, and the game was 

zero-sum. (( It is true that the minorant game is "clearly" "less 
advantageous for A than the majorant game (p. 100 and p. 105) 

((If the game were not zero-sum, it would no longer be true that the 
minorant game was "clearly" "less advantageous" for A than the 
majorant game, fin* In a non-zero-sum game, in which it is possible 
for both players to "lose" simultaneously, one player may wish 
strongly to let his opponent know his intentions, preferably by 
moving first. This situation is discussed in an unpublished doctoral 
thesis by Howard Raiffa of the University of Michigan. 


Given these conditions, it would be possible to prescribe a rational 

" preference ordering of games (i.e. of payoff matrices) for either 

(as defined above) 
player, in terms of the relative "values"/for each. 

If v x * v 2 , a "saddlepoint" is said to exist, denoted by: 

Sajyj a^j. The existence or non-existence of a daddlepolnt is of no 

Interest at all in the minorant and majorant games so far as the 


behavior of the players is concerned. The only behavioristic sig¬ 
nificance it would have would be that a player would be indifferent 
between playing the minorant or the majorant games if he knew his 


opponent to be rational under certainty. 
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At this point in their discussion, the authors point out: 

"Thus far we have not even attempted the proof that a numerical 

value of a play can be defined in this manner" for the normalized 

game. (p. 105). Such a proof would seem to require that some 

relatively weak assumptions, such as that both players are informed 

about the matrix, and perhaps that both players know e±tk each other 

to be rational under certainty ((admittedly, this assumption is 

with 

"weak" only by comparison some of those which von Neumann and 
Morgenstern see fit to make)), logically impaly s unique outcomes for 
both players. 

SfeajtxfeagtK The essence of their proof appears in their initial 
statement: "Instead of ascribing v^, v^ as values to ^ithaxaiaaxxHt 
xxxRdt ...two games different from ((the normalized game))* we may 
alternatively correlate them with ((the normalized game)) Itself." 

(p. 105). This xxgKaantxxBxnxxt line of approach seems to be on 
treacherous footing from the start. They proceed with a "heuristic" 
argument to suggest that the numbers v^ and have a practical 
significance in connection with the normalized game. Although in 
this game both players choose simultaneously, "It is nevertheless 
conceivable that one of the players, say 2, 'finds out' his adver¬ 
sary; l.e., that he has somehow acquired the knowledge as to what 
his adversary's strategy is." They assefct that in this case, con¬ 
ditions "become exactly the same as if the game were" the minorant 
game. Likewise, if player 1 "finds out" his adversary, conditions 
become "exactly the same as it" the game were the majorant game. 

Hence they claim that in either of these cases the "value" of the 
normalized game becomes a "well-defined quantity": v^ in the first 
case, V2 in the second, (p. 106) in general, the implication might 
be drawn that v^ 
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maximum 

is the/araount that player 2 "should” be willing* to pay for privilege 

ll JjL. 

of playing the game with the guaranteed of” foreknowledge of 1 s 
strategy. 

There is a basic flaw in this argument. Before discussing the 
paxxltailitiB consequences of the possibility that A will "find out" 

B, we must assume that B would not be aware, in advance of picking 
his strategy, that he was to be found out. This assumption is in 
conflict with the authors' conclusions, but in harmony with their 
"hauristic" argument. After all, if B knew for certain that he 
would be found out, then it would not be "as if" they were playing 
the majorant game; they would be playing the majorant game. 

If this assumption is granted, then the inference to be drawn 

from the whole of our previous discussion is that B might "reasonably" 
(found) 

be/playing some non-minlmax strategy. The reward to A of finding 
out" B under these circumstances is not limited to v^ (minimax), 
though that is a lower bound; Ax®±gfci;(a«hifiXBx*biBxxBryxh±ghss± with 
foreknowledge inthe normalized game, A might he able to achieve the 
very highest outcome in the matrix, even though 3 were rational under 
certainty. AxMight: walixhBxwiiliiigxx In other words, if it is 
accepted that an opponent may "reasonably" choose a non-minimax 
strategy in the normalized game, then "value of finding 3 out" is 
not limited to "the value of the majorant game" for A; it might be 
much more. ^ ? c y* A w; - 

Similarly, the possibility that B may find out A implies that 
the final outcome may range anywhere from maxlmln down to "minimin," 
the lowest element in the matrix. Both possibilities together imply 
that the outcome may range from minimin to maximax, i.e., may take 
on any value in the payoff function., even though each player kRBKX 
should know the other to be rational under certainty (( t h- ls unnooo s- 
sary assumption is mentioned only to contrast the situation with that 
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minorant and majorant 

of the HBxaxlixsd games, in which it has a decisive effect.)) 

U nless both players are uiktra-conservative (£k£±hx& i.e., rely 

exclusively on the minimax principle) there seems no warrant for 

restricting the range of outcomes that might result if one player 

should find out the other to v^—V 2 » 

This conclusion would be fx£ damaging to the von Neuman-Morgen- 

stern argument. After establishing to their satisfaction that the 

interval v^—v^ represents"the advantage"to be gained from”finding 

out'one's adversary instead of being 'found out' by him" (p. 106fr 

they draw the conclusion that games with a saddlepoint (v^ = v^) 

acquire a peculiar significance, in that "it does not matter which 

player 'finds out' his opponent." (p. 106) . If the criticism above 

is valid, then this significance fades away. If v^ and v 2 , separately 

have little relevance to the normalized game, they are no more rel- 

be 

evant when they happen to/equal .aanhxatfear. 

Nevertheless, we can rescue some scraps of significance fatfcxxla 
for the saddlepoint concept by admitting that xfeaxfc a few restrictive 
statements (applying to "defensive" players) can be made about games 
fcth a saddlepoint, though it is necessary to resort to a crude dy¬ 
namic argument. If a saddlepoint exists, it represents an outcome 

-- ——"j it '6bty act appropriately, 

v- v^ = V 2 such that/A can be sure of receiving at least v no matter 

what B does, and B can keep A from receiving more than v no matter 
what 8x A does. To say that consideration of v is the sole deter¬ 
minant of their behavior, no matter what the ax remaining structure 
of the matrix, is to say that they are both predominantly concerned 
with security, with a sure minimum outcome. If this is the case, the n 

v is the outcome which will actually result. The same result will 

need 

follow if a saddlepoint exists and one player (who axyxaxxaxy not be 
conservative) knows the other player to be conservative. 
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Fromthe static point of view this result is purely formal, for 
it is equally true that in any game whatever, even without a saddle- 

a) <w 

point, the assumptions that both players are conservative or that one 
knows the other to be conservative make the outcome uniquely determin¬ 
ate. The only difference is that without a saddlepoint it would not 

for conservative 

be possible to characterize the outcome of all games/*ji£k players 

by the single abstract symbol: Sa. /. a ; the most that can be said 
abstractly and generally 

in such cases is that the outcome will lie between v^ and v ? (for 

nonetheless 

A). For a given.game, the outcome would be xsxisxx unique and 
predictable. Statically, then, the existence or not of a saddlepoint 
would seem to have no effect at all on the process of choice of 
inherently conservative players. 

Similarly, if one player knew the other to be conservative the 
outcome would be dxfcBxmiaxtx determined: either v^ or Vp depending 
on which player had this information. 

But in a dynamic analysis, it might be argued that in the absence 

\ \ \ 

of a saddlepoint even the assumptions a) or b) above would not make 

\ \ a 

the outcome determinate. Under (a), the fact that «±ili®Explayer 
would realize that he could better his outcome by abandoning his min¬ 
imax strategy if only his opponent retained his conservative policy 
might tempt him to betray his innately conservative temperament. 

Under (b), the traditionally conservative player might be tempted to 

iX t 

punish his opponent for exploiting him formerly. Neither temptation, 
it should be noted, would exist if the game had a saddlepoint. In 
the course of several plays, then, there would be some pressure for 
one or both players to abandon their conservatism, so that the full 
Indeterminacy would reappear. The Authors' assertion that v^--Vp 
is the significant interval* of indeterminacy in the absence of a 
saddlepoint seems dubious; the whole range of outcomes would seem to 
be possible. 
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The discussion so far has suggested that the existence of a 
saddlepoint is of strictly limited significance, but not entirely 
without interest. Von Neumann and Morgenstern suggest an approach 
whereby every game matrix could be considered to have a saddlepoint. 

The essential point is that a game permitting kbx a set of 
specified strategies can be considered to permit any probability 
comln&Aion of these strategies. If it is permissible to play 
strategies 1 or 2, then the rules cannot prevent a player from 
deciding between them by flipping a coin or rolling dice. 2xxtha 
flxxtxsasB He might then be said to be "playing both" with fixed 
probabilities, in the first case each strategy having probability £. 
The real choice he makes then is the rule for correslating particul¬ 
ar strategies with probabilities; e.g., he might decide to play 1 
if the coin lands heads, 2 otherwise. Or he may mark one card "1," 

nine cards "2", shuffle them and pick one, playing the correspond- 

choosing 

ing strategy. This would be equivalent to joixytng strategy 1 with 
probability 1/10 and strategy 2 with probability 9/10. In any 
case, of course, he ends up playing one particular strategy; the prob¬ 
abilities merely refer to the random nature of his choice. If he 
chooses to play one strategy with probability 1 and all others with 
probability 0, he is said to choose a "pure" strategy, of the sort 
considered exclusively until now. In general, the player can be 
said to choose a "mixed strategy": l.e,, to choose all strategies 
with fixed probabilities, the basic decision being the choice of a 

vector of probabilities. 

Associated with 

8«rrBsja«wi±HgxAa each "mixed" strategy there will be a set of 
possible probability distributions of outcomes (instead ofa set of 
difinite outcomes), each distribution corresponding to a particular 
pure or mixed strategy by the opponent. Von Neumann and Morgenstern 
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now make use of a powerful assumption which has not been discussed 
earlier. They assume that a player considers only the"mathematical 
expectation" of a distribution of outcomes: i.e., the mean of the 
set of outcomes weighted by their respective probabilities. In 
other words, they assume that a player will prefer one distribution 
to another if and only if the first has a higher mathematical expect¬ 
ation jaTxBn&txaaa than the second. Hence the set of distributions 
associated with a given mixed strategy can be represented by a set 
of numbers, the numbers being mathematical expectations. The matrix 
of the game will now be much larger, with new rows and columns corres¬ 
ponding to all the possible mixed stra^ies, but it will have the 
conventional appearance. 

The basic theorem of von Neumann, first proven in 1928, is that 

QVQry matrix in which mixed strategies are included will have a 

(the logic of which has been quests 
saddlepoint. In their terminology,/every game is "strictly determined. 
The game with a saddlepoint corresponding to a pair of "pure" strats.. 

It remains true that this saddlepoint cannot be significant ex- 
egies is specially strictly determined." 

cept under the conditions noted above for the "specially strictly 

. . . conditions 

determined game; moreover, it requires additional aaM mgttegaxto be 

empirically relevant, ftrst^xkhaxgayaff First, the assumption that 
the players bx&bx rank distributions of outcome in an order of prefer¬ 
ence corresponding strictly to their mathematical expectations (paying 
no attention, for example, to range or variance) will be unpalatable 
to many economists. It should be recalled that the outcome is express^ 
in terms of money. ifanxMgHaixXhKxdtlxKit The discussion by von Neumann 
and Morgenstern in their introduction of a possible index of "utility" 
in terms of which most people could be said to maximize expected 
'utility" is irrelevant here. It is unequivocally assumed that what 
the players are maximizing is the mathematical expectation of money . 
This is recognized by the authors to be only an approximation, but 

it is one that tfcgyxKaKHfcxdispggMXKifclixiHxihBxfchajBgy plays a crucial 

l A rJfits x .. b~ 
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role in the theory as developed by von Neumann and Morgenstern. 

Second, the use of mixed strategies to ensurethe existence of 
a {{solution" has little intuitive appeal. Many of the very players 
who were conservative enough to use the minimax principle with res¬ 
pect to pure strategies would be uninterested in the "optimal" 

mixed strategy, precisely because they would still tend to consider 

1 

mainly the lowest possible outcome under each strategy. ((This 
amounts to saying that it is precisely those players who are conserv¬ 
ative enough to use the mlnimax principle who would be likely to 
consider other aspects of a probability distribution than its expect¬ 
ation; they would be concerned over its minimum.)) By using any 

non-pure strategy, a conservative player A would always incur fchai 

a positive probability of suffering an outcome worse than the maximim 

outcome, possibly including the very worst outcome. In this sense, 

the use of any mixed strategy would involve some loss of security. 

Several arguments have been suggested to make the concept of 
mixed strategies more acceptable. Aitkoragh The first is xxxinx a 
notion that the authors reject but that has appeared in other writing, 
the interpretation that the optimal mixed strategies are used to 
achlevexaxa*i£Kr*xiisngxmui the highest long-run distribution of outcomes 
over many plays consistent with security. Thus, Marschak says that 
by introducing the concept of the mixed strategy: "...not the value of 
asingle play for player A but the Ions-run value of the game for 
player A is considered." This may be the most plausible explanation 
of the use of numerical probabilities. However, one might question 
whether really important games would be repeated frequently enough to 
make mean long-run value interesting. Von Neumann and Morgenstern 
themselves avoid xnyxxxsfcxaf! such an openly dynamic argument. Their 
own"rationaliaation" of the use of mixed strategies is that the player 
thereby avoids being found out, since he himself does not know which 
strategy will be used on a particular play. But as they themselves 





the jame has a saddlepoint corresponding to a pair of pure strat¬ 
egies. Second, the consideration of mixed strategies is not suff¬ 
icient to ensure the use of the minimax principle. If mixed strategle 
are considered at all, then any other rules of choice could take 
them into account, and (except in the case of maximax) the rules 
might dictate the use of a mixed strategy just as often as the mini¬ 
max rule does. Thus, the question of the choice of a rule of 
behavior i3 logically independent of the ahHiKKxaf question whether 
or not to consider mixed strategies. 

Mixed strategies do ensure the existence of a bilinear form 

with a saddlepoint, a point which may be of interest to the theorist 

(though not to the individual player) in predicting the outcome of 

a game played by two minimaxing players. But they do not ensure 

that this bilinear form will be of interest even to the theorist; 

that depends on whether the players are not only minimaxers but aiway 
are interested only in 

also maxixtxa the mathematical expectation of risk-prospects, 
"lottery-tickets", when probabilities are known, (if the problem 
of transferability can be solved, this implies that a von Neumann- 
Morgenstern utility index can be found for each player). Since the 
latter assumption is often thought sxe more distasteful than the 
first, it is fortunate that the two are logically! independent. 
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Let us ImagiRKxs consider a game of Matching Pennies consisting 
of 10 moves (matches), in which each player was permitted only 
three strategies: all heads, all tails, or a mixed strategy with 
probabilities jtxm. wix£ (■£, £); in the latter case, the player would 
simply flip the coin at each move. This would have the matrix: 

JO & ' 

o © o 

~I0 ° ,0 

This matrix is essentially the same as the one considered first. 
fkaxaiatKam Where Ax the mixed strategies A-(H,T, £,£) or B*(H,T, 

£,£) are involved, the outcome represents the mathematical expect¬ 
ation of a distribution of outcomes; but assuming that the player 
is interested only in mathematical expectation, this fact can be 
Ignored. The earlier discussion obviously applies here fully, 
despite the changed interpretation of the strategies. To recap¬ 
itulate briefly, it seems that many people faced with this matrix 
would choose a “bad” strategy, under which they might win or lose 
lOjtf, rather than their"good" strategy, which would give them exactly 
0Ax Von Neumann and Morgenstern concede some ambiguity in fchix 
these terms "good” and "bad." As they point out in connection with 
an equivalent matrix, suppose that a player should play a "bad" 
strategy: "If the opponent played the good strategy, then the player's 
mistake would not matter." (p. 164). Then in what sense would the 
"bad" strategy be a mistake? If A should pick A-H and B should pick 
B-H, would A's 10 <f, win measure the "badness" of his "mistake"? True, 
A would have exposed himself to the loss of 10j^;the questional is 
whether he should be called Irrational for doing so. 

So much has been pointed out already. A new question* that 
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suggests itself is: Why bother to play the game at all, if one 
prefers the certainty of 0 to the chance of winning or losing. The 
answer which Oskar Morgenstern once gave to this question was that 
in many situations one must play a game, even against one's wishes. 

itxoaxyxfex thxfc The entire orientation of game-theory is imp¬ 
licit in this reply. If we should suppose that the game-models we 
have been studying represent uncertainty-situations in which an indiv¬ 
idual is forced, against his will, to make decisions, the authors' 
rationale for the minimax principle suddenly becomes much more con¬ 
vincing. The behavior of their "rational"player can indeed be de¬ 
scribed as that of a man whose sole concern is to come out of the 

taame with as little loss as possible . This is not the attitude of a 
actually 

man/matching pennies, nor playing any game at all for entertainment 
or profit. It is, rather, the psychology of a timid man pressed 
into a duel. 

VaxxMmimsHK When this point of view has been adopted, an admis¬ 
sion by von Neumann and Morgenstern leaps to the eye: 

"While our good strategies are perfect from the defensive point 
of view, they will (in general) not get the maximum out of the 
opponent's (possible) mistakes--i.e., they are not calculated for 
the offensive ." (my italics, p. 164. Note use of the word "mis¬ 
takes .") 

This statement is absolutely decisive in determining the exact 
significance xn&xiimtfcxttBxsxof the theory. Yet so casually is it 
introduced, so swiftly left behind, that it is not surprising that 
no published commentary has 9 |kb£k& noted the passage. 

After this one-sentence nod to the basic limitation of the 
theory, the authors immediately point out: "It should be remembered, 
however, that...a theory of the offensive, in this sense, is not 
possible without essentially new ideas." (p. 164). This may not be 
a recommendation of the old ideas. The authors have been distinctly 







in failing to develop fully the implications of their concession. 

Is it not possible that what they term a "theory of the offensive" 
is precisely what would appeal to many readers as a theory of ra¬ 
tionality? What is the Justification of identifying "rational be¬ 
havior" uniquely with "flhe defensive point of view'.'? 

4 passage by Fellner is very pertinents here: 

"By doctoring the concept of profit maximization it would be 
possible to arrive at a theoretical construction in the framework 
of which a policy of maximum safety margins could be called a var¬ 
iant of the policy of profit maximization. We should merely have to 
define the expected profits (which are maximized) not as best-guess 
profits but as the profits which are expected in the even that cer¬ 
tain comparatively unlikely possibilities materialize...If we use 
our concepts in this sense, then profit maximization becomes an 
unqualified axiom. But if this is done, some of the most essential 
problems of value theory are hidden so skillfully that if becomes 
difficult Indeed to find them." 

The redefinition of "expected profits" he describes is very close to 
the introduction of the principle of minimax in the game situation. 

It seems almost equally true in the latter situation that to inter¬ 
pret "maximizing security" as the unique form of "maximizing gain" 
under uncertainty is to obscure essential problems. 

These conclusions are in marked contrast to the positive tone 
of the authors' remarks a few pages before they concede the de¬ 
fensive character of the theory: 

"All this should make it amply clear that v' may indeed be 

interpreted as the value of a play...There is nothing heuristic or 
uncertain about the entire argumentation,..We have made no extra 
hypotheses about 'who has found out whose strategy' etc. Nor are 
our results for one player based upon any belief in the rational con¬ 
duct of the other--a point the importance of which we have repeat¬ 
edly stressed." ). 160 the 'intelligence' of the players, 

It would be hard not read into this that the "results" presented were 

of exceptionally general significance. Yat they actually rest on 

an aximpliclt assumption of a defensive psychology in the players, 

a temperament that is conservative almost to an unreasoning degree. 

Such players would pay no attention at all to the possibility of gains 

above those offered by the minimax strategy: which is to say, the 
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rules which guide their behavior give no explicit attention to the 
possibility that other players might not follow the same rules.^ 

It seems doubtful that the theory presented by vonNeumann and 
Morgenstern really does pass the criteria for a general solution of 
rational behavior set up by the authors themselves. 

Percy Bridgman has made a comment on mathematical theorizing that 
sums up many of the conclusions of this paper: 

M In mathematics...In many situations you find the solution and 
then fch set yourself the problem of finding the problem this is the 
solution of....This is a well known method and has yielded many 
solutions, but obviously it is not a very good method of getting the 
solution of any specific problem.” 

Y&nxttaiuasxnxait&xMBrgKHSfcBxn 

In the course of modifying their concepts and approach so as to 
conform to particular mathematical "solutions," von Neumann and Morgen¬ 
stern seem to me to have lost sight of their original problem. In 
proof of the 

my pplnlon, th* existence of a saddlepolnt in all game matrices admit 
ting mixed strategies does not constitute a general solution of the 
specific problem of rational behavior in a two-person game; nor does 
their argument indicate that any general solution can be found, in 
the sense of a uniquely reasonable choice of strategies. Their 
"value" of the game is not an outcome fchat will actually be attained 
by all or most xkxsbbxx reasonable people in a single play; in many 
games and with many people it may not be attained even after a sequence 
of plays. Nor can a case be made convincing to all reasonable people 
that they should always behave so as to attain it. In terms of our 
basic test, many people "otherwise reasonable" would not reject all 
decisions inconsistent with the von Neumann-Morgenstern rules even aft a? 
deliberation. 

Their "solution" is not even empirically relevant to the behavior 
of all "conservative" players. One must ask: How conservative are they 
? How much potential gain are they willing to forego in order to be 
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assured of a floor under their losses? Usually, the answer to that 
must be compared to the specific payoff function feBfcxx Before any 
predictions are possible. Only if the answer is, "As conservative 
as it is possible to be" can the von Neumann-Morgenstern formula be 
used to predict the outcome without reference to the particular matric 
fhgxpgghiMmxthatxthgyx tucyg xagiicggixtB 

They have solved a very restricted problem. They develop fully 

in their preference-orderings 

the implications of the hypothesis that/two players both 4a) r§ 
uncertain sets of outcomes according to the aax&hsiaatizHi le^ 
element in each, and (b) rank probability distributions of' outcomes 
according to the mathematical expectations. Given the particular 
conditions of information which they assume (i.e., knowledge by both 
of the permissible strategies and the payoff function) their hypo¬ 
theses are empirically meaningful. They may well be also useful, 
both normatively and predictively: (1) a defensive or conservative 
policy is often desirable;(2) cautious pessimists do exist, whose 
behavior is consistent with the maxlmln principle in all situations. 
However, the restrictions on preferences stated in (a) and (b) seem 
overly special to be made general postulates of rationality. 

Certainly the empirical, descriptive significance of the theory 
cannot be lessened if the assumptions are regarded as empirical hyp¬ 
otheses, whose relevance to particular situations is always to be 
tested. As it happens, there is reason to believe that the hypotheses 

will not always prove useful in describing the behavior of reasonable 

that players 

people in game-situations, nor is it always plausible Mzhxisiqy4Js 

should be advised to conform against their inclinations. Whatever 

the remaining usefulness of the analysis, in the biroad field of 

rational choice under uncertainty it cannot be said to provide a 
^precise 

"theory.. .which gives complete answers to all questions." (p. 10J.) 





it AS ad 


. ; I.rL'dl I a ' .!■ 


“'j'-Xea SKStaat i.darm'J 'i ■ .v.' n •' f - ’ ,1^ we. 5 f ; . Xstift 

cc J iC". • •: vj'-'so: -. i nov eBd r:so * ! oc . : c*id l > r;f :a 

4 i;rr •‘ifli.": ■' a a *- r' 4 . j «. u nr- y ***, •• * j; t r * i • • nr; ’"'ir- ©id 4oi :, V 1 a 64 !' '• t? 

*±\ •:*jrlsa- ay* ;/ :<?- x-4.ixdt> r'dx**:I® esk:* s? 
a 9t*i d~®3H9*|3*'“dn ii e/iii,, i i 

{ a}. died F'y*5Y,<3ic. c wvt\ ' f'.j si%of}4< -iVil -v.M ' he J •• olS>.frt * ■ 
ddioael isxi. ■' . r 4 •• .r / 


8 n?no o C 

.:o lo a 

.-OiJjUCiilJEiS V.di 

I'ioap&iv dets'i (c'> ' < o 

t if ' slo (T, 

iB Xu 

cij-zq 

,. I i 

*b^o ! -’ f'xe If •:• j., 4 -•■:• •••• 3. . 

■ 

V<j 

■ P %. ^ : * V 

o i <i.. 4 -v ••- 

• • • 

*■ z ©d4 do 1 ,'v nci.t.ac to 

} J i e e-ioi4ib; 

-or *£r 


(no*£»«;•'! '*c -3~ 

©■4 bii» a-.-i. ' .t4s o 

I di -'in.-ycc e; 4 

r, 

«^ * •• * 

SC^i 03 X 

e dd IXf. Y'anj ye 

. . . * - •• r±.'; ^ 

I'iiqK© o‘;of-a 

r ' Vic 3 

viea^oo 

to »y*ana'll^ 

{!} ixifTlio’;: 

Ylavi^'effiTbn ri. 


•r . 4 r - ’ x 

■) ob aJaiftiiaayq 

• 

t ci- : -fio at XO.I 

80oi.;.e 

& c l a 11 

s crl ? Xciior lTc n 

l ipcBa *: ■ * ddivr i 

ieftoo al r xcxv-i 


d) : nxr 

( b ) a i by .1 a a «• o ctbt ol ei o: df •? i l o i t 

J 0*1 .1^ ^rv f : 

iZ 

• 

: “ i .v vo lo r;€.-'lu 

/ ^ r,( f ^ •• r• ••* • • / v . 

•*>4 Xeit-wce "It 


r 

c* 

% 

'fl 
fa 

:r J ' .* ' v re 6-a ‘ 


■iO‘ c - a ,: F ‘-e'.y ; ' d v ' £ afio'idf': 4 sr cri *' ! pc *•'* o 

avsvli 4 si snnX.* T F'i .5 ; ••• t ©on,ov ■ J ssr. «xaa'erdp 

-*t o . .Of---, ^r» + f •»;»■ -S^in <-> + 

«i?4 irrxdi'yoacf. ri Ik'!'■>. ay evQ'xej svewlR X-' r Jiiw 

• .• Bis** .sire cxciia b ■y-v.'-i it ■ i a a , .' d. 1 - "■■' ■- l • 

+ '..■ 11 . ■ ' ■ ,*'■'■.■ d 1 ' i. • 

. t 

ire's or. c j jhX&c. r-c Joiic* o cl : i-i 4 cll ppforh 


'£-QQ&£®Ct J 1 
a^o7>iXc? iferi 


14 •- 


f ix n r- w 

> r-e*IC 


■ ? ‘ ; * v ■ 0 : , >-,T ?•' C 


r 


30. 

point out, it seems paradoxical to put the "danger of one's strategy 
being found by out by the opponent into an absolutely central 
position (p. 147) if the possibility of observation over a long 
series of plays is rejected. Their answer to this is that if a 
theory as determinate as the one they seek did exist, then the player 
would have to assume that his strategy had been found out, so the 
possibility of being found out would be present even under a (satis¬ 
factory) static theory. But the tenor of our discussions so far has 

been that no theory so determinate has been produced} so the par- 
1 

adox remains. 

ix Von ’Neumann "and Morgenstern place great weight on the mathematical 
tradition sanctioning this approach, i.e., the logical derivation 
of properties of a solution on the assumption that a solution exists. 
But in the absence of an existence-theorem demonstrating the existence 
of a solution, the properties derived may be wholly useless of 
absurd. To illustrate the logical necessity of ascertaining the 
existence of a solution, Courant and Robbins cite the following 
fallacy: "1 is the largest int|ger. For let us denote t e largest 
Integer by x. If* x>l,tthen x > x, hence x could not be the largest 
integer. Therefore x must be equal to 1." (("Shat is Mathematics?" 
Oxford University Press, 1941, p. 367.)) 

Von Neumann and Morgenstern certainly cannot show as a matter 
of logical necessitythat ani acceptable solution to the problem 
they pose exists, $nd the criticisms in this paper suggest that they 
have failed to produce a convincing case afxi for its existence 
sxsn on empirical or intuitive xhuh grounds. If we should decide 
that no satisfactory definition of a unique principle of rationality 
exists, then their arguments as to the necessary properties of such 
a principle become pointless. 

_—_ J./JU, *•!**-£' ' v ' Y 

There has been great confusion over the relation of mixed 

strategies to the mlnimax principle. The minimax principle could be 
advised, or used, whether or not the payoff function had a saddle- 
point. 41 boa ghxxBHxMaiacian nxaHdxMHEgenataKrixiHightxiiHtxaaKsxfcHxr KKAmmsust 
itx In fact, many, 4f not all, players who favored the minimax princip 
le would probably be quite Indifferent to the existence or not of 
a salldepoint; hence the consideration of mixed strategies, which 
guarantee the existence of a bilinear form with a saddlepoint, is 
not necessary to the use of the minimax principle, whether or not 








